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Symmetry protected topological phases characterized by isolated exceptional points
S. Lin,1 L. Jin,1, ∗ and Z. Song1, †
1School of Physics, Nankai University, Tianjin 300071, China
Exceptional point (EP) associated with eigenstates coalescence in non-Hermitian systems has
many exotic features. The EPs are generally sensitive to system parameters, here we report sym-
metry protected isolated EPs in the Brillouin zone (BZ) of a two-dimensional non-Hermitian bilayer
square lattice; protected by symmetry, the isolated EPs only move, merge, and split in the BZ.
The average values of Pauli matrices under the eigenstate of system Bloch Hamiltonian define a
real planar vector field, the topological defects of which are isolated EPs associated with vortices.
The winding number characterizes the vortices and reveals the topological properties of the non-
Hermitian system. Different topological phases correspond to different EP configurations, which
are unchanged unless topological phase transition occurs accompanying with the EPs merging or
splitting.
I. INTRODUCTION
Non-Hermitian physics has been extensively investi-
gated in both theoretical and experimental aspects [1–
16]. In contrast to phase transition in Hermitian systems,
exceptional points (EPs) as non-Hermitian critical points
are associated with the coalescence of eigenstates [17–20].
EPs support many novel phenomena, including power os-
cillation [21], square-root frequency dependence [22–24],
and gap protected long-range entangled state [25]. The
eigenstate flips [26–31] and geometric phases imprinted
[32–35] when encircling EPs for integer circles reveal the
exotic topology of EPs [36–38]. The non-Hermitian topo-
logical system enables novel interface states in quasi-one-
dimension and beyond [39–69]. The topological inter-
face states are classified by two winding numbers origi-
nated from the complex magnitude and the varying di-
rection of an effective magnetic field [55]. The Chern
number and the vorticity that associated with the eigen-
states and the energy band are topological invariant [70].
For the breakdown of conventional bulk-boundary corre-
spondence, the exotic bulk-edge correspondence is devel-
oped [71–74]; the importance of chiral inversion symme-
try for the conventional bulk-boundary correspondence is
revealed [75]. Non-Hermitian topological phases and EP
rings/surfaces protected by symmetries are investigated
[76–79]; the important application includes the topologi-
cal lasing [80–84].
Recently, topological gapless systems, which are re-
lated to diabolic points (DPs) [85], have emerged as a
new frontier in physics [86–104]. As a joint of two quan-
tum phases, topological gapless systems have band struc-
tures with band touching points (BTPs) in the momen-
tum space, where these kinds of nodal points appear as
topological defects in an auxiliary vector field [89, 97].
These points are unremovable due to symmetry protec-
tion until a pair of them meet and annihilate together
[105]. In general, the EPs of a two-dimensional non-
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Hermitian system form a loop, referred as an exceptional
ring [27, 106–108]. A natural question is whether there
exist isolated EPs in the momentum space which have
similar topological characteristics to nodal points in topo-
logical gapless systems.
In this paper, we show that topological nature of BTPs
in the Brillouin zone is determined by the topological de-
fects of a real vector field F(k) mapped from the Bloch
Hamiltonian. F(k) is composed by the average values of
Pauli matrices in non-Hermitian systems in contrast to
an effective magnetic field in Hermitian systems, a wind-
ing number based on which characterizes the vortices at
EPs as topological charges. While, another winding num-
ber associated with the energy E(k) characterizes the
topology of band coalescence and the chirality of EPs.
Moreover, BTPs are protected by system symmetries
and their configurations characterize different topological
phases. DPs split to pairs of EPs when non-Hermiticity
is introduced; EPs inherit half-integer vortices from their
parent DPs; topological phase transitions occur associ-
ated with the creation of new configurations when EPs
(DPs) merge or split. Topology of EPs (DPs) is charac-
terized through topological invariant: the winding num-
bers 0 or ±1/2 (0 or ±1). Our findings are elucidated
through a bilayer square lattice.
II. BILAYER SQUARE LATTICE
We consider a tight-binding bilayer square lattice
[Fig. 1(a)], typically describing the dissipative ultracold
atomic gas in optical lattices [109–114]. The Hamiltonian
has the form H =
∑2
λ=1Hλ +HT , where the intralayer
term is
Hλ =
N∑
j,l=1
[J(|λ, j, l〉 (〈λ, j + 1, l|+ 〈λ, j, l + 1|)
+t(−1)λ+j+l
∑
ν=±1
|λ, j, l〉 〈λ, j + 1, l+ ν|+ h.c.]
+iγ(−1)λ+j+l |λ, j, l〉 〈λ, j, l| , (1)
2and the interlayer term is HT = T |1, j, l〉 〈2, j, l| + h.c.;
λ = 1 (2) is the index that labels the upper (lower) layer,
and (j, l) is the in-plane site index. In Fig. 1(a), J and
T denote the intralayer and interlayer hoppings; t and γ
are the diagonal couplings and staggered losses. Different
sublattices have different losses γA and γB due to the
environment interactions. After a removal of universal
loss (γA+ γB)/2, the losses are equivalently described by
the balanced gain and loss γ = (γA − γB)/2.
The translational symmetry ensures that the Hamil-
tonian H can be represented as the summation of a se-
ries of 2 × 2 matrices under the basis |φ(kx, ky)〉A(B) =∑N
j,l=1(1/N)e
i(kxj+ky l)
∣∣λA(B), j, l〉, where kx = 2nxπ/N ,
ky = 2nyπ/N with nx, ny ∈ [1, N ], and states |λA, j, l〉
and |λB, j, l〉 are the position states of sublattices A
and B with layer labels λA = [3 + (−1)j+l]/2 and
λB = [3− (−1)j+l]/2.
The Hamiltonian H in real space is rewritten as the
summation of Bloch Hamiltonians h(kx, ky) in the mo-
mentum space
H =
∑
kx,ky
h(kx, ky) ≡
∑
kx,ky
B(k) · ~σ =
∑
kx,ky
Bxσx +Byσz,
(2)
describing an ensemble of non-interacting spin one-half
particles in a two-component complex magnetic field is
B(k) = (Bx, By, 0) with{
Bx = 2J(cos kx + cos ky) + T
By = 4t coskx cos ky + iγ
, (3)
and ~σ = (σx, σz , σy) is a vector of Pauli matrices
with σx = |φ〉A 〈φ|B + |φ〉B 〈φ|A, σy = −i |φ〉A 〈φ|B +
i |φ〉B 〈φ|A, and σz = |φ〉A 〈φ|A − |φ〉B 〈φ|B [115]. The
B(k) field is invariant under interchanging of kx and
ky. The BTPs are at (kcx,±π/2) and (±π/2, kcy), where∣∣kcx(cy)∣∣ = cos−1 [(−T ± γ) / (2J)]; the BTPs are EPs
(DPs) for γ 6= 0 (γ = 0).
III. SYMMETRY
Discrete symmetries play a crucial role in character-
izing topological phases [116]. Here, t breaks the in-
version symmetry and γ breaks the time-reversal sym-
metry of the bilayer square lattice, but H has a chi-
ral symmetry χH (J, T, γ, t)χ−1 = −H (J, T, γ, t). The
chiral operator χ = UC4 is a combination of a Z2
gauge transformation U and a 90 degrees rotation
C4. The Z2 gauge transformation U
∣∣λA(B), j, l〉 =
(−1)λ+j+l
∣∣λA(B), j, l〉 changes the system Hamiltonian
H (J, T, γ, t) into H (−J,−T, γ, t). The chiral symmetry
instead of time-reversal symmetry or inversion symmetry
ensures the Bloch Hamiltonian including only two Pauli
matrices [96].
The mirror-reflection in the x and y directions (Mx and
My), the translation of one site in the x and y directions
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FIG. 1. (a) Schematic of the bilayer square lattice. The intra-
sublattice hoppings have opposite signs t (red) and −t (blue).
The shadowed lattice indicates the lower layer with (γ, t) →
(−γ,−t) in contrast to the upper layer. (b) Phase diagram
of the bilayer square lattice in the γ-T plane for |T ± γ| ≤ 2.
Twenty-six topological phases exhibit five types of winding
number distributions of BTPs as listed in Table I.
TABLE I. Five types of BTP distributions.
wI,II I II III IV V
{0,±1/2,±1} {4, 0, 0} {0, 0, 8} {0, 16, 0} {4, 8, 0} {8, 0, 0}
(Tx and Ty), the 90 degrees rotation (C4), and the upper
and lower layer interchange (Λ) all change the Hamilto-
nian H (J, T, γ, t) into H (J, T,−γ,−t). Therefore, H is
invariant under a combination of any two of the above
listed operations and leads to (Appendix A)
h(kx, ky) = h(±kx(y),±ky(x)). (4)
Therefore, the number of EPs (DPs) in the bilayer lat-
tice is protected by these symmetries, being invariant un-
less topological phase transition occurs when EPs (DPs)
merge or split in the non-Hermitian (Hermitian) bilayer
lattice.
Notably, the non-Hermitian bilayer square lattice
H (J, T, γ, t) does not have either PT symmetry or CT
symmetry (charge-conjugation symmetry in Ref. [51])
in the situation that t 6= 0. The operators
C is defined as C ∣∣λA(B), j, l〉 = (−1)0(1) ∣∣λA(B), j, l〉
[117], T is defined as T iT −1 = −i, and P is
defined as P ∣∣λA(B), j, l〉 = ∣∣λA(B), N + 1− j, l〉 or∣∣λA(B), j, N + 1− l〉. In the absence of diagonal cou-
pling (t = 0), the system satisfies both PT symmetry
[(PT )H (J, T, γ, t) (PT )−1 = H (J, T, γ, t)] and CT sym-
metry [(CT )H (J, T, γ, t) (CT )−1 = −H (J, T, γ, t)] [117].
PT symmetry leads to the spectrum being real or being
conjugate pairs. CT symmetry requires the eigen energies
appearing in pairs with opposite real parts and identical
imaginary parts. Thus, the spectrum under PT symme-
try and CT symmetry is purely real or purely imaginary.
The system is inversion symmetric and time-reversal
symmetric when t = γ = 0 [70, 118]. The inversion
symmetry changes the sign of the momentum and inter-
changes the upper and lower layers.
3IV. TOPOLOGICAL INVARIANTS OF EP
h(kx, ky) includes only two Pauli matrices and com-
mutes with the third one, we employ a planar vector field
F(k) = (Fx, Fy) to characterize the topology of h(kx, ky).
The zero energy band degeneracyE± = ±
√
B2x +B
2
y = 0
implies that the expectation value of h(kx, ky) under its
eigenstate is zero, i.e., 〈h(kx, ky)〉 = Bx 〈σx〉+By 〈σz〉 =
0; therefore, Bx = By = 0 (〈σx〉 = 〈σz〉 = 0) at DPs
(EPs) in Hermitian (non-Hermitian) system. The ex-
pectation values of the two Pauli matrices compose the
planar vector field
F(k) = (〈σx〉 , 〈σz〉) , (5)
for non-Hermitian system instead of F(k) = (Bx, By) for
Hermitian system [96, 97]. EPs are protected by sym-
metry, exhibiting similar behaviors as DPs in Hermitian
lattices and being topologically stable. Moreover, EPs
can map to the topological defects of the manifold F(k),
at which F(k) approaches zero with vortex or antivortex
structures.
A topological invariant characterizes the topological
property of F(k)
wI =
∮
C
dk
2π
(
Fˆx∇Fˆy − Fˆy∇Fˆx
)
, (6)
where Fˆx(y) = Fx(y)/
√
F 2x + F
2
y and ∇ = ∂/∂k. The
integral is performed in the kx-ky plane along a closed
loop C; 2πwI accounts the varying direction of vector field
F(k). The (both eigenstates yielding identical) winding
number wI describes the vortices with topological charges
[70, 108] at EPs and is in parallel to the winding number
that originated from the generalized Berry phase [55, 103,
108].
Moreover, the topology of BTP can be determined by
winding numbers wI via the planar vector fields F(k).
By means of wI, the BTP is classified into four types:
(i) Semi-Dirac point: H(k) is Hermitian and semi-
Dirac point possesses an anisotropic dispersion of lin-
ear and quadratic dispersions along two orthogonal di-
rections [119–123]. It has winding number wI = 0 and
can split into two Dirac points (wI = ±1) when changing
parameters without breaking any symmetries [124].
(ii) Dirac point: H(k) is also Hermitian and the dis-
persion is linear along all directions around the Dirac
point, but the vector field F(k) owns a vortex (wI = +1)
or an antivortex (wI = −1) with opposite topological
charges [125–127]. In the presence of non-Hermiticity,
each Dirac point splits into two normal EPs with identi-
cal half-integer vortices as in (iii) [128–130]; in contrast,
the Dirac point can split into two Weyl points in Her-
mitian systems with breaking inversion or time-reversal
symmetry [118, 131–138].
(iii) Normal EP: The winding numbers of normal EPs
are wI = ±1/2; it indicates that EPs inherit one-half
vortices from their parent Dirac points with wI = ±1
[96, 97]. The dispersion is square-root along any direction
near the normal EPs.
(iv) Hybrid EP: two normal EPs with opposite vor-
tices can merge into a hybrid EP. In this situation, the
winding number of EP is changed from ±1/2 to 0. Dif-
ferent from that of a semi-Dirac point [119–123], hybrid
EP also has an anisotropic dispersion with square-root
(linear) dispersions along two orthogonal directions [70].
While, in parallel to wI, another winding number is
defined as
wII =
∮
C
dk
2π
(
Eˆx∇Eˆy − Eˆy∇Eˆx
)
, (7)
with E(k) = (Ex, Ey) being the band energy E =
±
√
B2x +B
2
y in the complex plane, and Eˆx =Re(E)/|E|,
Eˆy =Im(E)/|E|, which characterizes the topology of EPs
on another aspect. Both two bands yield identical wII due
to chiral symmetry. wII differs from wI and character-
izes the topology of band coalescence [55, 70], reveals the
vorticity of complex Riemann surface band structure [28–
30], and reflects the chirality of normal EPs [33–36, 139].
Each of the two bands accumulates Berry phase ±π when
encircling EPs for two circles; the ± sign in front deter-
mines the opposite chiralities of EPs [19, 20, 26, 33, 35]
as a result of the square-root type Riemann sheet. The
merge of EPs with opposite chiralities creates DP or hy-
brid EP [36, 70]. The winding number is wII = ±1/2 (0)
for normal EP (DP and hybrid EP).
V. TOPOLOGICAL PHASES
H is invariant under arbitrary two combinations of the
mirror reflection, the translation, the 90 degrees rota-
tion, and the layer interchange. Symmetries protect the
Bloch Hamiltonian h(kx, ky), being invariant under sub-
stitution (kx, ky) → (±kx(y),±ky(x)), and also protect
the number of BTPs (DPs and EPs) with vortex struc-
tures. The BTPs can move but cannot be removed as
system parameters varying except when they merge or
split associated with a topological phase transition and
the creation of a new BTP configuration. The BTP con-
figuration (Figs. 2 and 3) characterizes the topological
phases of bilayer square lattice, while the phase diagram
is depicted in Fig. 1(b).
The system is Hermitian at γ = 0, being time-reversal
symmetric without inversion symmetry (t 6= 0). The
time-reversal symmetry requires DPs at ±k with identi-
cal winding number [93, 132]. Eight DPs may exist due
to the symmetry protection. They locate and move along
the
∣∣kx(y)∣∣ = π/2 lines; their locations satisfy a fourfold
rotational symmetry (C4 symmetry) with respect to the
axis that perpendicular to the kx-ky plane, being mirror-
reflection-symmetric about kx(y) = 0 and kx = ±ky [136].
Eight DPs merge into four at |T | = 0 and 2J [93, 131].
Top panel of Fig. 2 shows the DP configurations.
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FIG. 2. Schematic of BTP configurations of wI for the topo-
logical phases in Fig. 1(b). The horizontal (vertical) axis is
kx (ky). The blue arrows and red circles represent wI = ±1/2,
±1 and 0. wI of the Hermitian (non-Hermitian) bilayer lat-
tice is shown in the bottom left corner; the red single and
blue double lines represent wI = +1 and −1 (wI = +1/2 and
−1/2), and the yellow filled circles represent wI = 0 (wI = 0).
At γ 6= 0, each DP splits into two normal EPs and the
corresponding Bloch Hamiltonian h(kx, ky) is defective
[128–130], generating sixteen EPs at maximum. h(kx, ky)
has chiral symmetry, which requires the EPs (E± = 0)
on the lines of kx(y) = ±π/2 if t 6= 0. Although EPs are
independent of t, nonzero t is crucial for the existence of
isolated EPs. For special system parameters, the hybrid
EPs appear at high symmetric points in the Brillouin
zone, where normal EPs with the opposite charges merge
and the number of EPs reduces.
wI characterizes the topological features of BTPs as the
topological defects of planar vector field F(k). The value
of wI is given in Fig. 2. Distinct topological phases are
created when BTPs merge or split at topological phase
transition. Topological phases being reflection symmetric
about γ = 0 has identical wI configurations, exhibiting
seventeen configurations of wI [Fig. 2].
In Fig. 2, BTPs with wI = 0 are semi-Dirac points
on the top panel and are hybrid EPs otherwise. The
dispersion is linear along the kx(y) (kx = ±ky) direction
near the semi-Dirac points on the kx(y) = ±π/2 (kx =
±ky) line. The dispersion along the λ1kx = λ2ky (λ1kx =
−λ2ky) direction is square-root (linear) near the hybrid
EPs (λ1π/2, λ2π/2), where λ1,2 = ±1. The dispersion
along the kx = 0 (ky = 0) direction is square-root (linear)
near the hybrid points (0,±π/2) and (π,±π/2).
Three typical types of vortices for the planar vector
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FIG. 3. Schematic of BTP configurations of wII for the topo-
logical phases in Fig. 1(b), the corresponding BTP configu-
rations of wI is in Fig. 2.
fields F (k) and E (k) in the bilayer lattice are shown in
Fig. 4. The EP configurations are depicted, including
both the zero and half-integer vortices of wI,II = 0 and
±1/2 for the EPs. Figures 4(a) and 4(b) include eight
one-half vortices (normal EP wI,II = ±1/2) and four zero
vortices (hybrid EP wI,II = 0). The three EPs along
ky(x) = −(+)π/2 from kx(y) = −π to kx(y) = +π have
wI = {1/2, 0,−1/2}; in contrast, wII = {−1/2, 0,+1/2}.
Figures 4(c) and 4(d) include sixteen one-half vortices
(normal EP wI,II = ±1/2). Figures 4(e) and 4(f) include
eight zero vortices (hybrid EP wI,II = 0). In essential, the
winding numbers wI and wII reflect the varying directions
of planar vector fields F (k) and E (k), respectively; they
both capture two topological aspects of EPs and pro-
vide an overall perspective of the topological properties of
non-Hermitian system. wI reflects the topological prop-
erties of system: EPs naturally inherit fractional topolog-
ical charges from DPs in the Hermitian situation; wI is a
topological invariant that equivalent to the winding num-
ber originated from the non-Hermitian generalization of
Berry phase that characterizing the varying direction of
the effective magnetic field [55, 70, 108].
wII characterizes the chirality of EPs. When γ → −γ,
the band energy vector becomes E
′
(k) = (Ex,−Ey)
with wII (−γ) = −wII (γ). But wI is unchanged with
wI (−γ) = wI (γ). The phases symmetric about the T -
axis in phase diagram [Fig. 1(b)] are two different phases
characterized by opposite wII. Thus, all twenty-six BTP
configurations of wII distinguish the different topological
phases. Compared with the BTP configurations of wI,
the additional nine configurations are attributed to the
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FIG. 4. (a) The planar vector field in the momentum space
F(k) = (Fx, Fy) = (〈σx〉 , 〈σz〉) is shown by the white arrows
on the top, and the background density plot is F 2x + F
2
y . (b)
E(k) = (Ex, Ey) = (Re(E), Im(E)). The plots are for E+
at system parameters γ = J/2, T = −3J/2. The vortices in
the rectangles are indicated by the winding numbers wI(II) =
+(−){+1/2, 0,−1/2} from the left to the right. (c, d) The
system parameters are γ = J/2, T = −J , and (e, f) γ = T =
−J . The winding numbers of EPs inside the rectangles are
schematically illustrated at the bottom of each plot.
chirality of EPs that relevant to the positive or negative
value of γ. The BTP configurations of wII are shown in
Fig. 3 as a supplementary and a comparison to the BTP
configurations of wI of Fig. 2. All different phases are
distinguishable in the wII BTP configurations, where the
chirality information of EPs are included [18].
The diagonal coupling term t breaks the inversion sym-
metry and plays a key role in the existence of isolated
topologically stable EPs. When t = 0, the EPs are no
longer isolated points but rings at cos kcx + cos kcy =
(−T ± γ) / (2J) [27, 76–78, 106, 107, 117, 140, 141]. How-
ever, when t = 0 and |γ| = |T − 4J | (|T + 4J |), the
EP rings [27] reduce to isolated points at (kcx, kcy) of
kcx = kcy = ±π (0) with trivial topological features
wI = wII = 0; the real or imaginary part of spectrum in
the momentum space possesses a Dirac-cone band struc-
ture for T > 4J or T < 4J (T < −4J or T > −4J) at
J > 0; EP vanishes at |γ| > max{|T + 4J | , |T − 4J |} or
|γ| < min{|T + 4J | , |T − 4J |} if |T | > 4J . Recently, the
topological features of EP rings are revealed [108, 142].
VI. DISCUSSION AND CONCLUSION
Ultracold atomic gas in optical lattices [109–114, 143–
150], photonic crystals [151, 152], and coupled resonators
[55, 80, 81, 130, 153–157] provide versatile optical plat-
forms for the study of topological physics; the dissipa-
tion and radiation in optical systems are non-Hermitian
and thus can be considered as the possible candidate for
the experimental realization to the non-Hermitian bilayer
square lattice. The fine tuned system parameters are
particularly beneficial for the realization of topological
systems. Several pioneering experimental and theoret-
ical possibilities have been devoted to ultracold atoms
in hexagonal and square optical lattices [158–163]. A
particular feature of cold atoms in optical lattice is the
tunability of the tunneling strengths. One example is
the study of topological quantum phase transition in a
bilayer square lattice describing ultracold atomic gases in
optical lattices. Trapping cold 6Li or 40K atoms in a dis-
sipative spin-dependent optical lattice is a candidate for
realizing the bilayer square lattice [96, 108–110, 113], and
next-nearest-neighbour (diagonal) coupling is introduced
by applying additional laser beams. Moreover, the other
possible realizations are the coupled resonator waveguide
lattice [55, 80, 81, 130, 153–157] and the photonic crys-
tals [151, 152]. The π phase difference between the di-
agonal couplings t of sublattices A and B is controlled
by the optical path length of auxiliary linking resonators
(waveguides).
In summary, the symmetry protected isolated EPs in a
non-Hermitian system are studied, which differs from the
symmetry protected EP rings and EP surfaces [76–78].
A real valued vector field F(k) is defined by the average
values of Pauli matrix. The topological defects of the
field are the BTPs associated with the vortices charac-
terized by winding number wI, which reflects the topo-
logical properties of the system. The EPs own fractional
topological charges that inherit from their parent DPs
in Hermitian systems. The type and number of BTPs
is protected by discrete symmetries and only changes at
the annihilation or split of vortex and antivortex accom-
panied by a topological phase transition. A pair of half-
integer topological charged EPs can merge into a hybrid
EP with vanishing topological charge or a DP with in-
teger topological charge zero or one. Another winding
number wII characterizes the chirality of EPs and the
Riemann sheet band structure. wI and wII of EPs pro-
vide an overall perspective of the topological properties
of the non-Hermitian system and the BTP configurations
outline distinct topological phases. Our findings deepen
the understanding of symmetry protected non-Hermitian
topological phases and may stimulate interest in chasing
6for topologically stable EPs in other physical systems.
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APPENDIX A: SYMMETRY
The mirror-reflection in the x and y directions (Mx
and My), the translation of one site in the x and y di-
rections (Tx and Ty), the 90 degrees rotation (C4), and
the upper and lower layer interchange (Λ) all change
the non-Hermitian bilayer square lattice Hamiltonian
H (J, T, γ, t) intoH (J, T,−γ,−t). Therefore,H is invari-
ant under a combination of any two of the above listed
operations. For example, a combination operator Θ1 =
MxMy leads to Θ1HΘ
−1
1 = H ; under this symmetry op-
eration, the Bloch Hamiltonian in the momentum space
changes into Θ1h(kx, ky)Θ
−1
1 = h(−kx,−ky). Other
symmetry Θ2 = ΛMx leads to Θ2HΘ
−1
2 = H ; thus, we
have Θ2h(kx, ky)Θ
−1
2 = h(−kx, ky). Similarly, set Θ3 =
ΛMy, we have Θ3h(kx, ky)Θ
−1
3 = h(kx,−ky); set Θ4 =
MxC4, we have Θ4h(kx, ky)Θ
−1
4 = h(ky, kx); set Θ5 =
MyC4, we have Θ5h(kx, ky)Θ
−1
5 = h(−ky,−kx); set
Θ6 = ΛC4MxMy, we have Θ6h(kx, ky)Θ
−1
6 = h(ky ,−kx);
set Θ7 = C2, we have Θ7h(kx, ky)Θ
−1
7 = h(−kx,−ky).
These discrete symmetries of the non-Hermitian bilayer
square lattice lead to
h(kx, ky) = h(±kx(y),±ky(x)). (A1)
Therefore, the number of EPs (DPs) in the bilayer lattice
is protected by these symmetries, being invariant unless
the topological phase transition occurs when EPs (DPs)
merge in the non-Hermitian (Hermitian) bilayer lattice.
APPENDIX B: BTP CONFIGURATION
The complete phase diagram of the bilayer square lat-
tice is illustrated in Fig. 5(a); in contrast to Fig. 1(b),
Fig. 5(a) distinguishes all different types of BTP con-
figurations in the system parameter space γ-T . In Figs.
5(b)-5(e), the system parameters are in the colored areas
outside the region |T ± γ| ≤ 2 as a complement of Figs. 2
and 3; notably, all the EPs are still located at (kcx,±π/2)
and (±π/2, kcy) with
∣∣kcx(cy)∣∣ = cos−1 [(−T ± γ) / (2J)].
These topological phases are not discussed in the main
text due to the simplicity of this situation. In this situ-
ation, eight normal EPs with wI = ±1/2 exist as shown
on the upper panel of Figs. 5(b) and 5(c), and their
mergence creates the new configurations as shown on the
upper panel of Figs. 5(d) and 5(e), where four hybrid
EPs appear. The BTP configurations for wII outside the
region |T ± γ| ≤ 2 are depicted on the lower panel of
Figs. 5(b)-5(e).
APPENDIX C: DISPERSION NEAR THE BTPS
In this Appendix, we discuss the dispersions near
the BTPs (EPs and DPs) with different winding num-
bers. Here we only discuss the dispersion around EPs
at (kcx,±π/2), and the situations of (±π/2, kcy) can be
obtained by interchanging kx and ky. Set qx = kx − kcx
and qy = ky−π/2, the Taylor expansion of the B(k) field
to the second order near (kcx,±π/2) yields{
Bx ≈ 2J
[(
1− q2x/2
)
cos kcx − qx sin kcx ∓ qy
]
+ T
By ≈ ∓4tqy
[(
1− q2x/2
)
cos kcx − qx sin kcx
]
+ iγ
,
(C1)
and the dispersion is
E± = ±
√
B2x +B
2
y . (C2)
In the following, we discuss the dispersion near the EPs
and DPs in detail.
Firstly, we consider the dispersion near normal EPs
with wI = ±1/2. Near (kcx,±π/2) with kcx 6= 0, π,
±π/2, we approximately have the dispersion along the
ky = ξkx (kx = −ξky) direction as E+ (ky = ξkx) ≈
2
√
−J (T + 2J cos kcx) (sin kcx ± ξ)∓ 2iγtξ cos kcx√qx
and E+ (kx = −ξky) ≈
2
√
J (T + 2J cos kcx) (ξ sin kcx ∓ 1)∓ 2iγt coskcx√qy,
where ξ is real. Notably, the dispersion along any direc-
tion is square-root near normal EPs with wI = ±1/2.
Secondly, we consider the dispersion near hybrid EPs
with wI = 0. The hybrid points with wI = 0 at kcx =
0, π,±π/2 have anisotropic dispersion, being square-root
in one direction and linear in the perpendicular direction
[70]. For kcx = ±π/2 (i.e., T ± γ = 0), we approximately
have B(k) field near (λ1π/2, λ2π/2) as{
Bx ≈ −2J (λ1qx + λ2qy) + T
By ≈ 4λ1λ2tqxqy + iγ
, (C3)
where λ1, λ2 = ±. The dispersion along the λ1kx = λ2ky
(λ1kx = −λ2ky) direction is square-root (linear) as
E+ (λ1kx = λ2ky) ≈ 2
√
−2λ1JT√qx, (C4)
E+(λ1kx = −λ2ky) ≈ 2
√
−2iγt |qx| . (C5)
For kcx = 0 (i.e., T ± γ = −2J), we approximately have
B(k) field near (0,±π/2) as{
Bx ≈ −J
(
q2x ± 2qy − 2
)
+ T
By ≈ ∓4tqy + iγ
, (C6)
and the dispersion along the kx = 0 (ky = 0) direction is
square-root (linear) as
E+ (kx = 0) ≈ 2
√
∓JT ∓ 2J2 ∓ 2iγt√qy, (C7)
E+ (ky = 0) ≈
√
−2JT − 4J2 |qx| . (C8)
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FIG. 5. (a) The phase diagram in the parameter space γ-T . 16 (8) EPs appear in the colored area inside (outside) the region
|T ± γ| ≤ 2, and the system is gapped in the white region. Excepted for the whole twenty-six BTP configurations shown in
Figs. 2 and 3, other BTP configurations outside the region |T ± γ| ≤ 2 are illustrated in (b-e). The upper (lower) panel is the
configurations of wI (wII).
For kcx = π (i.e., T ± γ = 2J), we approximately have
B(k) field near (π,±π/2) as{
Bx ≈ J
(
q2x ∓ 2qy − 2
)
+ T
By ≈ ±4tqy + iγ
, (C9)
and the dispersion along the kx = 0 (ky = 0) direction is
square-root (linear) as
E+ (kx = 0) ≈ 2
√
∓JT ± 2J2 ± 2iγt√qy, (C10)
E+ (ky = 0) ≈
√
2JT − 4J2 |qx| . (C11)
Thirdly, the system is Hermitian at γ = 0 and the
BTPs are DPs. The dispersion near the DPs with
wI = 0 is anisotropy, being linear along one direction and
quadratic along the perpendicular direction. DPs here
are semi-Dirac points [123]. For kcx = ±π/2 (i.e., T = 0),
we approximately have B(k) field near (λ1π/2, λ2π/2) as{
Bx ≈ −2J (λ1qx + λ2qy)
By ≈ 4λ1λ2tqxqy
, (C12)
and the dispersion along the λ1kx = λ2ky (λ1kx =
−λ2ky) direction is linear (quadratic) as
E+ (λ1kx = λ2ky) ≈ 4J |qx| , (C13)
E+ (λ1kx = −λ2ky) ≈ 4tq2x. (C14)
For kcx = 0 (i.e., T = −2J), we approximately have
B(k) field near (0,±π/2) as{
Bx ≈ −J
(
q2x ± 2qy
)
By ≈ ∓4tqy
, (C15)
and the dispersion along the kx = 0 (ky = 0) direction is
linear (quadratic) as
E+ (kx = 0) ≈ 2
√
J2 + 4t2 |qy| , (C16)
E+ (ky = 0) ≈ Jq2x. (C17)
For kcx = π (i.e., T = 2J), we approximately have B(k)
field near (π,±π/2) as
{
Bx ≈ J
(
q2x ∓ 2qy
)
By ≈ ±4tqy
, (C18)
and the dispersion along the kx = 0 (ky = 0) direction is
linear (quadratic) as
E+ (kx = 0) ≈ 2
√
J2 + 4t2 |qy| , (C19)
E+ (ky = 0) ≈ Jq2x. (C20)
Fourthly, we consider the dispersion near DPs with
wI = ±1. Near (kcx,±π/2) with kcx 6= 0, π, ±π/2, we
approximately have B(k) field as
{
Bx ≈ 2J (−qx sinkcx ∓ qy)
By ≈ ∓4tqy cos kcx
, (C21)
and the dispersion along the ky = ξkx (kx = −ξky) di-
rection is
E+ (ky = ξkx) ≈ 2
√
J2 (sin kcx ± ξ)2 + 4t2ξ2 cos2 kcx |qx|
E+ (kx = −ξky) ≈ 2
√
J2 (ξ sinkcx ∓ 1)2 + 4t2 cos2 kcx |qy|
.
(C22)
Notably, DPs with wI = ±1 have linear dispersion along
any direction; DPs here are Dirac points.
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